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Bang ky hiéu

R tap so thue

R™ khong gian Euclid n-chiéu
I tap con clia tap so thuc R
I° phan trong cia tap I

Lla,b] khong gian cac ham kha tich trén doan [a, b]



Mdé& dau

Cho f:C c R — R la mot ham 16i xac dinh trén tap con C cla tap so thuc R va
a,be C v6i a # b. Bat ding thic

1(E) < g [ i < LAEI0 (1)

2 2

noi tiéng duge biét dudi tén goi bat dang thitic Hermite-Hadamard (xem [4]).

Hau hét cac bat dang thiic noi tiéng lien quan dén gia tri trung binh ctia tich phan
ctia ham 161 f déu & dang bat déang thitc Hermite-Hadamard hosic dang trong s ciia
n6, bat dang thitc Hermite-Hadamard-Féjer.

Trong [3], Fejér xay dung bat dffmg thitc, mang tén ong Fejér, md rong clia bat
dang thiic Hermite-Hadamard (

f(“b)/ dx</ F(z)w(z)dz < f(“);f(b) /abw(a:)dx, (2)

+b

& day w: [a,b] — R 1a mot ham khong am, kha tich va déi xing tng voi -
Trong truong hop ham f: C C (0;00) — R 1a ham p-10i, p € R\ {0}, v a,b € C v6i
a < b, bat dang thiic Hermite-Hadamard duge xay dyng & dang

p 1/p
(25 2t [ B 00
néu ham f kha tich trén doan [a, b].

Nhiéu téc gia da xay dung cac bat dang thic méi dang Hermite-Hadamard-Féjer
cho mot s6 16p ham 16i khac nhau va dua ra cic ing dung danh gid mot so gia tri
trung binh diic biét tit cac bat déng thic nay. Muc tiéu ctia dé tai luan van la tim
hiéu va trinh bay lai mot s6 bat dang thitc méi dang Hermite-Hadamard-Féjer cho

ham p-10i trong [6] va [7] cong bd ndm 2016 va 2017.
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Luan van ngoai phan mdé dau, két luan, noi dung chinh gom 2 chuong véi bo cuc

cu thé nhu sau:

Chuong 1. Bat dang thic tich phan dang Hermite-Hadamard-Féjer cho
ham 16i

Chuong nay gi6i thieu mot s6 kién thiic co ban clia ham 16i, ham déi xiing va mot
s6 bat ding thitc dang Hermite-Hadamard-Féjer cho ham 16i cing mot s6 vi du ap

dung. Noi dung ctia chuong duge tong hop tit cac tai lieu [1]-[8].

Chuong 2. Bat ding thic tich phan dang Hermite-Hadamard—Féjer cho
ham p-15i

Chuong nay gi6i thieu khai niéem ham p-16i, trinh bay mdi lien he gitta ham p-16i
va ham 16i va trinh bay mot s6 bat dang thiic méi dang Hermite-Hadamard-Féjer
cho ham p-16i cing mot sé 4p dung danh gid mot s6 bat dang thitc khac. Noi dung

ctia chuong duge tham khéo tit hai bai bao [6] va [7] cong b6 nam 2016 va 2017.

Luan van dugc hoan thanh tai truong Dai hoc Khoa hoc, Dai hoc Thai Nguyén.
Loi dau tien tac gid xin duge bay to long biét on sau sic tdi co gido PGS.TS. Nguyén
Thi Thu Thty. Co6 da danh nhiéu thoi gian huéng dan ciing nhu gidi dap cac thac
mac clla toi trong sudt qua trinh lam luan vin. Em xin bay t6 long biét on sau siac
tdi co.

Tac gia xin chan thanh cdm on toan thé cac thay co trong Khoa Toan - Tin, truong
Dai hoc Khoa hoc - Dai hoc Thai Nguyén da tan tinh huéng dan, truyen dat kién

thiic trong sudt thoi gian theo hoc, thiyc hién va hoan thanh luan van.

Cam on sy gitp dd ctia ban be, ngudi than va cac dong nghiép trong thoi gian lam

luan van.

Thai Nguyén, thang 11 nam 2019

Tac gia luan van

Ninh Thi Luu



Chuong 1

Bat dang thic tich phan dang

Hermite-Hadamard—Féjer cho ham 16i

Chuong nay trinh bay mot s6 bat dang thitc cho ham 16i, ham déi xiing duge két
noi véi bat ding thitc tich phan dang Hermite-Hadamard-Féjer. Noi dung ctia chuong

duge viét trén co s§ tong hop tit cac tai ligu [1]-[8].
1.1 Ham 16i. Ham d6i xing
1.1.1 Ham l6i

Cho hai diém a,b € R". Tap tat ca cac diem z = (1 — Na+ b v6i 0 < X < 1 goi la

doan thang (déng) ndi a va b, va dugde ky hieu la [a, b].

Dinh nghia 1.1.1 (xem [1]). Tap C ¢ R” dugc goi 1a tap 16i néu no chita doan thang
ndi hai diém bat ky thudc né; néi cach khac, néu (1 — Na+Ab e C véi moi a,b e C va

moi 0 < XA < 1.
Vi du 1.1.2. Cac tap sau day déu la cac tap loi:
(a) Cac tap afin, cac sieu phang, cac nita khong gian déng, cac nita khong gian md.

(b) Hinh cau déng tam a ban kinh r > 0: B(a,r) = {z € R: ||z — a| < r}, hinh cau

md tam a ban kinh r > 0: B(a,r) = {x eR: |z —al > 7’}.

Dinh nghia 1.1.3 (xem [1]). Ham f: C — R x4c dinh trén mot tap hgp 16i ¢ C R”



5
goi 14 mot ham 16i trén C néu véi moi x!', 22 € C va moi s6 thuc A € [0,1] ta ¢
FIA=Nat +2?] < (1= N f(h) + Af(2?).
Ham f goi 13 ham 10i chat trén C néu véi moi z', 2% € C, 2! # 22 va moi A € (0,1)
ta co
FIA =Nzt + 2% < (1= N f(") + Af(2?).
Hién nhién mot ham 16i chat 1a ham 16i, nhung diéu nguge lai néi chung khong
ding.
Dinh nghia 1.1.4 (xem [1]). Ham f goi 1a mot ham 16m (16m chit) trén € néu —f
13 ham 16i (161 chat) trén C.
Néu n = 1, Dinh nghia 1.1.3 cho ta dinh nghia vé ham 10i mot bién trén R.
Dinh nghia 1.1.5 (xem [1]). Ham f : [a,b] C R — R dugc goi 1a ham 16i néu v6i moi
ot 2% € [a,b] va A € [0,1] thi
et + (1= N2?] < Afh) + (1= N) f(a?). (1.1)
Tinh chéat 1.1.6. Mot s6 phép toan co ban bao toan ham 15i:
(a) Néu f; :R* = R, i=1,...,m, la cdc ham 16i thi aifi + -+ + ayfm cing 1a ham

101 v6i moi a; > 0 va 1a ham 16i chit néu it nhat mot trong cac ham f; 16i chat
vl a; >0,i=1,...,m.

(b) Néu fi - R" > R, i € I, 1a ham 18 thi f(z) = sup;e; fi(z) ciing 1 ham 161, & day I
1a tap chi sé.

(c) Néu A : R® — R™ la mot anh xa tuyén tinh va g : R™ — R 1a mot ham 161 thi
ham hop f(z) = g(Az) ciing 14 ham 16i.

Dinh ly 1.1.7 (xem [1]). Cho C la mét tap loi, khdc rong trong R™ va f: R® = R

la mot ham loi. Khi doé, moi diém cuc tiéu dia phuong cia f trén C déu la cuc tiéu

toan cuc.

Chitng minh. Gia st 2o € C 13 mot diém cuye tiéu dia phuong ctia ham f trén C va

U(zp) la mot 1lan can cua xg sao cho f(xg) < f(x) v6i moi x € C N U(xg). Khi do, véi

moi z € C' ta co

zy=Xr+ (1 =Nxg € CNU(xp) v6i moi A >0 du bé.



Suy ra,
f(zo) < flxx) < Af(z) + (1= A)f(20)
hay f(xo) < Af(xz). Do A > 0 nén f(xg) < f(z). Vi z € C dugc chon tuy § nén xg la
diém cuc tiéu toan cuc cta f trén C. OJ
Dinh 1y 1.1.8 (xem [1]). Mot ham loi chdt f trén mot tap 10i C ¢ nhieu nhat mot
diém cuc tiéu trén C.
Chitng minh. Néu f ¢6 hai diém cuc tiéu khac nhau z!, 22 € C thi do tinh 16i chat
cua f,
1 1
f(éifl + §$2) < f(a') = f(a?),
dieu nay vo ly. 0
Vi du 1.1.9. Ham 16i chiit mot bién f(z) = 22 ¢6 duy nhat mot diém cuc tiéu zg = 0.

Ham 16i chat f(z) = e, = € R khong c6 diém cuc tiéu nao.

1.1.2 Ham dbi xting

Dinh nghia 1.1.10 (xem [7]). Mot ham w : [a,b] C R — R duge goi la ddi xiing ting
+0b

A

vii neu

w(x) =wla+b—1x) V€ la,b]. (1.2)

Vi du 1.1.11. Cac ham wy,ws : [a,b] C R — R xac dinh bdéi

2
wi(zx)=c, ceR, wy(z)= (:13— a;b)

+0

14 cac ham doi xiing ting vdi
Dinh nghia 1.1.12 (xem [5]). Cho I ¢ R\{0} 1a mot khoang thuc. Ham f: 7 — R

duge goi 1a ham 16i diéu hoa néu

xy
(i) <+ - 05 (1)

v6i moi x,y € I vat € [0,1]. Néu bat dang thiic (1.3) doi chiéu thi ham f duge goi 1a
ham 16m dicu hoa.
Vi duy 1.1.13. Cho f: (0,00) = R, f(z) =2 vag: (—00,0) = R, g(z) = = thi f la

ham 16i dieu hoa va ¢ 1a ham 16m diéu hoa.
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Dinh nghia 1.1.14 (xem [7]). Ham w : [a,b] € R\{0} — R dugc goi 1a ham ddi xing

A

neu

s .. 2ab
dieu hoa tng véi a
a+b

1
-1

w(z) = w( ), Va € [a,b]. (1.4)

Vi du 1.1.15. Cac ham wy,ws : [a,b] C R — R xac dinh béi

1 + 0\ 2
wi(x) =c, ce R, wy(z)= (E - a2ab )

2ab

1a cdc ham doi xting ddi diéu hoa ting véi 0

1.2 Bat dang thitc Hermite-Hadamard—Féjer

1.2.1 B4t dang thitc tich phan dang Hermite-Hadamard-Féjer

Cho f:C c R — R la mot ham 16i xac dinh trén tap con C cla tap s6 thuc R va
a,b e C v6i a < b. Bat dang thiic

I(55) 2 [ e B2 =

noi tiéng duge biét dudi tén goi bat dang thiic Hermite-Hadamard (xem [4]).
Trong trudng hop ham f 1a ham kha vi 16i, bat dang thitc dang Hermite-Hadamard
duge xay dung nhu sau.

B6 dé 1.2.1 (xem [6]). Cho f:I° c R — R la dnh za khd vi trén I° va a,b € I° vdi
a <b. Néu ham f' kha tich trén [a, b] thi bat dang thitc sau théa man

f(a) b —a [ /
f (1—=2t)f"(ta+ (1 —t)b)dt. (1.6)
0
St dung B6 dé 1.2.1, Dragomir [6] thu dugc hai bat dang thitc Hermite-Hadamard
cho ham 16i dugc trinh bay trong cac dinh ly duéi day.

Dinh ly 1.2.2 (xem [6]). Cho f:I° Cc R — R la dnh za khd vi trén I° va a,b € I°

vdi a < b. Néu |f'| 10i trén [a,b] thi bat dang thite sau théa man

o)+ / fads| < B @I+IFG) 4
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